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WEAK LIMITS OF STOPPED DIFFUSIONS!
BY
J. R. BAXTER, R. V. CHACON AND N. C. JAIN

ABSTRACT. We consider the following homogenization problem: Let Brownian
motion in R, d > 3, be killed on the surface of many small absorbing bodies
(standard diffusion equation with Dirichlet boundary conditions). We investigate the
limit as the number of bodies approaches infinity and the size of the bodies
approaches 0. By taking a weak limit of stopping times we replace a convergence
problem on the state space by an identification of the limit on the sample space. This
technique then gives results without smoothness assumptions which were previously
necessary.

1. Introduction. We wish to consider Brownian motion in dimension d > 3, with
many small absorbing bodies D,, ..., D, scattered in R?. The Brownian motion is to
be stopped, or “killed”, whenever it reaches one of these bodies. Following [6 and 7],
we study the approximate density of the diffusion process in the complement of the
absorbing bodies, in the limit, as the number of bodies becomes infinite and the size
of the bodies goes to zero. In particular, we wish to present a new method for
studying questions of this sort which leads to more general results.

In Papanicolaou and Varadhan [6], d = 3 and a certain standard reference body
D, which is compact, contains the origin in its interior, and has a C! boundary, is
specified. The Newtonian capacity of D is denoted by a. For n = 1,2,..., points
x(n),..., x,(n) are given, and a small copy D,(n) of D,

D(n)={yeRn(y—-x(n))eD},
is placed at x,(n), 1 < i < n.Let D, = U™, D;(n), and
7, =inf{z > 0: B,€ D, },

where B,, ¢ > 0, denotes standard Brownian motion in RY, so 7, is the first hitting
time of D, by Brownian motion. Let u;(n) = (a/n)§, ,,, where 8, denotes the
Dirac measure which gives mass 1 to the singleton x, and let pu, = X7_, u,(n). The
following assumptions are made in [6]:

(1.1) y":;}\ asn — o,
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where A is a measure with a continuous and compactly supported density 4 in R,
and the convergence is the weak convergence of measures, i.e. [fdp, = [fd\ for
all bounded continuous f: RY > R'. Also,

(1.2) Y (u(n). pw(n)) > (X A) asn—> co.

i#)

where for any measure », (¥, ») denotes the electrostatic self-energy

(o= [ [ 1x =yl av(x)av(y).

In particular, for i # j,

2-d
<.U‘i(”)v.uj(n)> = (az/nz)lxi(”) - xj(")'
If f: RY > R is continuous with compact support, and

u,(x,1) [f(B)X[T >,]]
u(x,t) = [f(B)exp{ flh(BS)ds}],

where E* denotes expectation with respect to Brownian motion started at x, then
the main result in [6] is the following

THEOREM 1.1 (PAPANICOLAOU-VARADHAN). If d = 3 and (1.1) and (1.2) hold,
then given € > 0 and t, > 0,

lim m =0,

n—oC

x€R% sup |u,(x,t) —u(x,t)]>e

0<r<yy

where m denotes the Lebesgue measure in RY.

REMARK 1.0. It should be pointed out that only vague convergence in (1.1) is
assumed in [6]; but in that context, since the function f is bounded and has compact
support, without any loss of generality one may assume all sets D, to be contained
in a bounded ball B, and then one can replace vague convergence by weak
convergence.

We may regard u,(x, t) as the density at (x, 7) of the diffusion started with initial
density f if the diffusion is killed on D,, and u(x,¢) as the density at (x,¢) of a
diffusion with initial density f if the diffusion is randomly killed at a rate 2(x) at x.
If 7 denotes a randomized stopping time corresponding to random killing at rate 4,
then we can also write

u(x,1)=E" [f X[7>r]]

Furthemore, if 7, can be shown to converge to 7 in an appropriate sense, then the
above convergence of u,(x,t) to u(x, t) would follow. Our approach is to make this
idea precise. For this we need to prove some results on randomized stopping times,
and we do this in §2. For related ideas and results we refer to 1, 2, 4 and 5]. The
main results of this paper are Theorems 1.2-1.5 which will be stated below. Their
proofs will be given in §3. Theorem 1.5 can be compared directly with Theorem 1.1.
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In Theorems 1.4 and 1.5 we do not need the bodies D,(n) to be of the same shape or
size, nor do we require that they have smooth boundaries; we also do not require 4,
the density of A, to be continuous or to have compact support. Indeed, A can even
be infinite. Another advantage of our approach is that the distributions of B,
restricted to [7, < ] converge weakly to the corresponding distribution of B,
restricted to [T < t]. In other words, we can tell in the limit where the absorbed mass
of the diffusion is actually being held.

To state our results, we start with closed sets D,, n > 1, in RY. Condition (1.1)
(resp., (1.2)) will be replaced either by the “local” condition (1.3) (resp., (1.4)) or by
the “global” condition (1.5) (resp., (1.6)). We now state these conditions. If » is a

measure in R and B is a Borel set, we define the measure x zv by
xpv(4) =v(BNA4),

for any Borel set A; Pot » denotes the Newtonian potential of », i.e.

Potr(x) = f | x —y|2Addv(y).

In the conditions below, A is a fixed measure in R with bounded density 4.

(1.3) Given any bounded ball B C RY there exists a sequence of finite measures
{12} such that p? % X\, and there exists a sequence 0 < e > 0 such that
Potp8(x) > 1 + Potx jA(x) —e® forqe. x € D, N B, n > 1.

(1.4) Given any bounded ball B C RY, there exists a sequence of finite measures
{»F}, with suppoprt of »? C D, N B, such that »? 5 X gA, and there exists a
sequence 0 < €2 — 0 such that Potr?(x) < 1 + Pot x yA(x) + ¢ for x € D, N B,
n>1.

For the next two (global) conditions we require A to be finite, i.e. [ hdm < oo.

(1.5) There exists a sequence of finite measures {u,} in R such that p, 5 A, and
there exists a sequence 0 < ¢, — 0 such that Potp,(x) > 1 + Pot A(x) —
x€D,n>=1

(1.6) There exists a sequence of finite measures {»,} in RY, with support of
v, € D,, such that », 5 A, and there exists a sequence 0 < ¢, » 0 such that
Potv,(x) <1+ PotA(x)+¢,, forx €D, n> 1.

ReMARK 1.1. Note that the inequalities in (1.4) and (1.6) actually hold for all x by
the domination principle.

REMARK 1.2. If A is finite and (1.5) and (1.6) hold, then by Lemma 3.4 the local
conditions (1.3) and (1.4) hold.

Conversely, if A is finite and (1.4) holds, it follows easily from Remark 1.1 that
(1.6) holds.

As before, 7, = inf{t > 0: B,€ D,}. For x € RY, t > 0, n > 1, let the measures
vy, and »" be defined by

for q.e.

H’

(1.7) i A) = E¥xu(B)xXr, -
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and

(1.8) b¥(A) = E"'[XA(B,)exp{—folh(BJ)ds}].

We will denote by ||v|| the total variation norm of the measure ».

THEOREM 1.2. Let {D,} be a sequence of closed sets in RY and let \ be a ( finite or
infinite) measure with a bounded density h. If (1.3) and (1.4) hold, then for any
bounded ball B, given ¢ > 0, t, > 0

lim m{x € B: sup ||»}

n.t
n—oc 1<ty

- > e} =0.

In the next theorem A is finite, and a global condition gives a global conclusion.
THEOREM 1.3. Let {D,} be a sequence of closed sets in R, and let N be a finite
measure with a bounded density h. If (1.4) and (1.5) hold, then for any ¢ > 0, t, > 0

lim m{x € R*: sup ||y

n.t
n—oc (<1,

- > s} =0.

REMARK 1.3. By Lemma 3.4 we can replace (1.4) by (1.6) in Theorem 1.3.

Conditions such as (1.3) and (1.4) are hard to understand intuitively; they do not
have the simple geometric appeal of conditions (1.1) and (1.2). We now specialize the
above theorems in the context of (1.1) and (1.2). We assume that

D, = D.(n), n>1,

where each D,(n) is compact, and k, — oo. We assume that there exists a sequence
0 < p, — 0, aconstant C > 0, and a sequence of points x,(n), 1 < i < k,, such that

(l) D:(n)c B(xi(n)’pn)’
(i) Ca,(n)=p? % 1<i<k,, n>1,

(1.9)

where B(x, r) denotes the ball with center at x and radius r, and «a;(n) = Newtonian
capacity of D;(n). The conditions imposed on the bodies D,(n) in Theorem 1.1.
clearly imply these conditions. Let
k, k,
Qa, = Z "i(”)» I‘i(”)‘_‘ai(”)ax,(n)» B, = Zl F-i(n)-
i=1 i=
Having stated the conditions on the structure of D,, we now state the local and
global analogues of conditions (1.1) and (1.2). We assume that A is a measure on R?
(finite or infinite) with a bounded density h. We do not assume /4 to be continuous.
The local conditions are the following:
(1.10) For each bounded ball B, x g, 5 X g\ as n — co.
(1.11) For each bounded ball B, ZF, (p,(n),p,(n)) = (xpA, XxpA) as n = oo,
where the asterisk on the sum indicates summation over those i, j for which x,(n)
and x,(n) arein B.
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If A(RY) < oo, then the global conditions are the following:

(1.12) }L":; A asn— o0;

and

(1.13) Y (i(n).p,(n)) = (A A) asn— oo.
iy

THEOREM 1.4. If {D,), a sequence of compacts in RY, d > 3, satisfies (1.9), and
(1.10) and (1.11) hold, then for any bounded ball B, any ¢ > 0 and t, > 0, we have

lim m{x € B: sup |y, — v > e} =0,

n— o0 <1,
where v\, and v} are given by (1.7) and (1.8), respectively.

THEOREM 1.5. If {D,}, a sequence of compacts in RY, d > 3, satisfies (1.9), and
(1.12) and (1.13) hold, then for any € > 0, t, > 0, we have

11m m{x sup ||zy, — »*| > s} 0.

1<ty

In the following sections ||/|| will always denote the sup norm of the bounded
function A.

2. Formulation in terms of randomized stopping times. Let C denote the space of
continuous functions from [0, c0) into RY with the metric topology of uniform
convergence on compacts. We will consider Brownian motion in RY using C as the
sample space. Let the maps B,: C — RY, ¢ > 0, be defined by B,(w) = w(t) for
w€C. Let F=0{(B:1>0}, #=0{(B: s<t}andlet 9 =%_=N_,%. We
set #, =% =¢,. We will denote by %, the Borel subsets of [0,¢] and by # the
Borel subsets of [0, c0].

A stopping time 7 with respect to the filtration (%,) is a map 7: C — [0, co] such
that [t < t] € ¢, for all r. We will suppress mentioning the filtration unless it is
different from (¥,). A randomized stopping time 7 is a map 7: C X [0,1] — [0, o0]
such that [t <] € ¢ X %, for all . We will adopt the convention that a ran-
domized stopping time 7 is nondecreasing and left-continuous in the second variable
for all w. A stopping time 7 can always be regarded as a randomized stopping time
by extending 7 from C to C X [0, 1] in the obvious way.

To each randomized stopping time 7 one can associate a function 4: C X & —
[0, 1] in the following manner:

(2.1) A(w,[0,7]) = sup{v < 1: 1(w,v) <t}
= 0 if the set is empty.

Since for a fixed w this is nondecreasing in ¢ and equals 1 when ¢ = o, we get a
probability measure on [0, co] and 4 is defined on C X . Clearly

(2.2) T(w,v) = inf{r < 00: A(w,[0,¢]) > v}
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for0 < v < 1, w € C. The function A4 defined in (2.1) satisfies

(2.3) A(w, +) is a probability measure on [0, o] for w € C,
and
(2.4) A(-,[0,t]) € ¢ forall 1.

If A is a function from C X Z to [0, 1] satisfying (2.3) and (2.4) and 7 is defined by
(2.2), then 7 is a randomized stopping time. For this reason such a map 4 is called a
stopping time measure. If 7 is a stopping time and 7 the associated randomized
stopping time (extension of 7 to C X [0, 1]) then A corresponding to 7 is A(w, -) =
8,y It will be convenient for us to work with A rather than the randomized
stopping time 7. A more general discussion of stopping time measures is given in [1,
2].

In the rest of the paper all stopping times and stopping time measures will be with
respect to the filtration (¥,).

DEFINITION 2.1. If P is a probability measure on (C, #) and 4: C X & — [0,1]
is a stopping time measure, then for D € # X # we define

(2.5) P ® A( f /( (0,0)A(w, dv)P(dw).

)oc]

We call P ® A the stopped process.

If 7 is the randomized stopping time obtained from A4 by (2.2), I: C X [0,1] = C
is the projection map, and m denotes Lebesgue measure on [0, 1], then P ® 4 is just
the distribution of the map (I, 7): C X [0,1] = C X [0, oo] with respect to P X m.

We note that for any ¢, any Y € L'(C, %, P), and any bounded %-measurable f:
[0, c0) — R such that f = 0 on (r, o). we have

(2.6) f YfdQ = f E(Y|9)fdO,

where Q = P ® A4 and, as usual, a function defined on C or [0, 00) 1s extended to
C X [0, o0) in the obvious way, and conditional expection is taken with respect to P,
the marginal of P ® 4 on C.

The following lemma gives a useful characterization of a stopped process; it is a
variant of Lemma 2.9 [1].

LEMMA 2.1. Let Q be a probability measure on F X & such that for each t > 0 the
relation (2.6) holds for every f: [0, 00) = R continuous with support in [0, ] and Y:
C - R of the form Y(w) = g(w(1))) - -+ gi(w(ty)), where g;: Co(RY) = R, 0 < t; <
0.1 < i < k, k > 1. Then there exists a unique stopping time measure A such that Q
is the stopped process P ® A, P being the marginal of Q on C.

PrROOF. For 0 < 1 < o0, let

C(t)=EQ{X[O.I]|{§IX{®’[O’1]}}' c(o0) =1,
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where the conditional expectation is with respect to Q. For a fixed ¢ we have c(z):
C % [0,1] = [0,1] and this map is ¢, X {&,[0, 1]}-measurable. Therefore c(¢) is a
function of w only and is %-measurable. It follows that

(2.7) folov,]dQ= f Ye(t)dP, Y€ LXC,9,P).

For s <t we have c(s) < c¢(t) a.e. (P). We first define ¢ to be nondecreasing on
rationals for each w and then define ¢,(¢) = inf{c(s): s > ¢, s rational} for any ¢
and w, then ¢,(¢) is right-continuous and nondecreasing in ¢ for each w and (2.7) is
satisfied with ¢ = ¢, for all ¢ and all Y € LY(C,%, P). By the monotone class
argument and the right-continuity of ¢, our assumptions imply that (2.6) holds for
all Y € L'(C, #, P) and all bounded measurable f: [0, 0) = R which vanish on
(¢, ). Therefore for Y € LY(C, %, P),

fYX[o.qu: /E(Y|gz)X[o,:]dQ

and now by (2.7) this last equals [ E(Y|9,)c,(1)dP = j Yc,(r) dP since ¢((t) € 9.
It follows that (2.7) with ¢ = ¢, holds for all Y € LY(C, %, P). We set

A(0,[0.1]) = ¢/ (1)(w).

Then A is a stopping time measure and for Y € LY(C, &, P)
| Yxo.0d0 = [ Ya(o,[0,1]) aP
= [ Y(0)xp0.0(5) dd(w, 5) dP(w)

= f YX[O',]d(P®A).

The monotone class argument shows Q = P ® A, so the lemma is proved.

From now on P~ will denote the probability measure on (C, #) representing
Brownian motion started at x, and P* will represent Brownian motion with initial
distribution p. In this context these will be called Brownian probabilities.

LEMMA 2.2. Let {p,} be a sequence of probability measures on Borel subsets of R.
Let P, = P"». Suppose that { A, )} is a sequence of stopping time measures such that
P, ® A, converges weakly on C X [0, 0o] to a limit Q. Then u, 5 u, P, 5 P and Q
is a stopped process whose marginal on C is P*.

PrROOF. If { P, ® A, } converges weakly on C X [0, o0], then clearly P, converges
weakly on C to some probability measure P. Since P, = P" it is then clear that
B, 5 some p and P = P* which is the marginal of Q on C. To check that Q is a
stopped process we will use Lemma 2.1, so let f: [0, 0) = R be continuous with
support in [0,¢] and Y(w)= g;(w(t))) - g(w(ty)), where g € C,(RY). Let
f,...»t,be<t and t,,,...,1, be >t and let Z(w)= g (w(t)) - g(w(t,)),
W(w) =g, (w(t,,1)) - g(w(t,)). Then, since P, ® A4, is a stopped process, we
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have

(2.8) [ vrd(p,@4,)= [ E"(Y|9)fd(P, & 4,).
By the Markov property of Brownian motion

(2.9) E™(Y|9,) = Z¢(B,)

where @(x)=E*{g,. (B,  _,) - &(B,_,)}. The maps Yf and Z¢(B,)f are
clearly continuous and bounded (as maps from C X [ 0, o) to R). Therefore, using
(2.9) in (2.8) and letting n — oo we get

(2.10) J vrd = [ zo(8)1dQ.

but we also have Zg(B,) = E”*(Y|9,), so (2.10) implies that Q is a stopped process
by Lemma 2.1. This completes the proof.

We now introduce a condition such that if a sequence of stopped processes
satisfying this condition converges weakly (to a stopped process, by Lemma 2.2)
then the stopping time measure of the limit process has a definite representation.
This is the content of Theorem 2.1.

Condition A. Let h: R > [0, ) be a bounded Borel measurable function and
I C [0, o0) be an interval. A family { P* ® 4,: p € I, n > 1} of stopped processes
will be said to satisfy Condition A on the interval I with respect to A, if there exists
a function g: [0, ) — [0, o) which satisfies lim, ,(g(¢)/¢) =0, and for 7 > 0,
A > 0, such that [¢,¢ + A] C I, there exists a sequence ¢/ *: RY - [0, 00) of Borel
measurable functions which satisfies

(2.11) sup @ 4(x) < oo; lim m{BN{x: g*(x)>n}}=0
n>1 n—oo
xeRY

for every bounded ball Band n > 0, and forp € T',, n > 1, we have

(212) [E*{A,((1,1+ A%} — 4,((1,0])hs(B,) | < g(A) + ,*(B,),
P*—a.s., where we write
(2.13) ha(x) = E* [ h(B,) ds.

0

REMARK 2.1. (i) The inequality in (2.12) asserts that the quantities
E{4,((t,1 + 4])1%,} and 4,((z,0])hs(B,)

are approximately equal, with an error made up of two parts: g(A), which becomes
very small as A — 0, and ¢/*(B,) which becomes small for “most” paths as n — oo.

(i1) The sets I, of probability measures are introduced in Condition A to keep it
sufficiently flexible for the theorems that we are going to prove in this section. In
Theorem 2.1 we have I, consisting of the singleton pu,, whereas in Theorem 2.3 we
take T, = {§: x €RY}, n> 1.

(iii) If the 7,’s are hitting times of Brownian motion, then as remarked earlier
A,((t,t + A]) = X[:<r, <:+a)- Suppose for each A > 0, there exists a sequence [
R¢ > [0, o0) which satisfies (2.11) and for all x € RY, n > 1, we have

(2.14) [P0 <7, <A} —hy(x)]| < g(8) + 95(x),
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where g: [0, 00) = [0, o) satisfies lim,  ,(g()/¢) = 0; then Condition A is satisfied
for T, = set of all probability measures on RY with ¢* = ¢5. This follows because if
p is any probability measure on R then by the Markov property of Brownian
motion, writing p» = P*[0 < 7, < A], we have

E*{A,((t.t + A]) 19} = X(s, > P2 (B)).
Thus (2.12) becomes

X(-r,,>1]|prln&(Br) - hA(Bt)| < g(A) + (p:r'A(Br)’

which clearly holds if (2.14) is satisfied. In our present application we will be able to
check the stronger condition (2.14).

THEOREM 2.1. Let {p,} be a sequence of probability measures in RY and P, = P*»
be Brownian probabilities on (C, ¥ ). Let {A,} be a sequence of stopping time
measures such that the sequence {Q,} = {P,® A,} satisfies Condition A (with
T, = {p,}) with respect to h on the interval I = (0,T), where 0 < T < 0. Suppose
that {Q,} converges weakly on C X [0,0] to Q = P ® A. Then a.s. (P)

A((t,oo])=A((O,oo])exp(—folh(Bs)ds), te0,T).

For the proof of this theorem it will be convenient to separate a part of the
argument into the following

LEMMA 2.3. Under the conditions of Theorem 2.1, if 0 <t < 00 and 0 <A < o0
are such that (t,t + A] C I, then for any 9-measurable Y: C —> R, |Y| < 1, we have

(2.15)

[ Ya((r,e+ ) dP — [ YA((1,0])hs(B,) dP| < g();
furthermore, if 0 <t < u < T, we have

(2.16) [ va((e,ul)ap = | f YA((s, ] )h(B,) dsdP,

where h, is defined in (2.13).

PROOF. Let ¢, A be given as above and fix § > 0 such that 1 + A + §/2 < T. Let
¢ and p be continuous functions on [0, co] such that ¢ = 0on [0,z + §/2]U [t + A
+6/2,0], y =1o0n [t +8,¢+ A), ¢ linear elsewhere; p =0 on [0,¢], p =1 on
[t + 8/2, 0] and p linear elsewhere. By the monotone class argument it is enough to
consider 0 < Y < 1, Y continuous on C, to prove (2.15). Then

[ do, = [ Y[ ¥(s)da,(s)ap,

< f YA”((I+ g,t+A+ g])dP,,

) R
< f YAn((t + E’Oo])hA(Bt+8/2)dPn+ g(A) + / ‘Pn(B:+s/2) ap,,
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where (2.12) is used for the second inequality and ¢, = ¢."%/>2. Therefore we get
f YIPdQ f Yh I+8/2 fp(s)dA¢1(s)dP:1+g(A)+ /@n(Bl-i-&/Z)dPn

= / YhA(Bt+8/2)den+g(A)+/(i)n(Bt+8/2)dPn'

It is easy to see that #,: R > Ris bounded and continuous, so hy(B,,;,,): C = R
is bounded continuous. Also, since Q,,—» Q, by Lemma 2.2 we have p, 5 ,u,

therefore (2.11) implies that [¢,(B,.;,)dP, > 0 as n —> co. Therefore, letting
n — oo we get

[ Ywag < [ Yhy(B,.s)pdQ +g(d).

Now letting 8§ — 0 we get (dominated convergence)

fYA ((t,1 + A]) d /YA (t,0])hy(B,)dP + g(4).

A similar argument shows the reverse inequality with g(A) replaced by —g(A) on the
right side. This proves (2.15).

To prove (2.16), for any k = 1,2,...,let kA=u—rtand 1, =1+ jA, 0 <j <k,
so t, =t and t, = u. Let J, denote the left side in (2.16) and J, the right side. Let

I = ki [ va((s,,])hs(B, ) aP

- kg:)fYA((tj,oo])fI’“lh(Bx)dsdP.

7

We can write
k-1

=Y f YA((1,.1,,,]) dP
Jj=0
and then by (2.15) we have
(2.17) |y = S5 < kg(A).
Also,

k-1
L= 2 /Yf’MA((S,oo])h(Bs)dsdP.
Jj=0 4
Using the second expression for J3 we get
(2.18) AL E ff ((1,,5]) dsap ).
By (2.15) with Y = 1 we get

(2.19) fA((t,t+A])dP<l|h||A+g(A).
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Using this in (2.18) gives
2
(2.20) [, = S| < ka(|m]|” +kAg(B)] A
Therefore (2.17) and (2.20) give

2
[Jy = o] < kg(8) + k| h]" + kAg(A)l|A]l.
As k — oo, the right side tends to 0 and (2.16) is proved.

PrOOF OF THEOREM 2.1. Let 4, = A((t, x]) and
Z, = A,exp(/t h(B,) ds)
0

The theorem will be proved by showing that {Z,,0 < ¢t < T} is a martingale with
filtration (¥,). Let

(D,‘u=exp(/uh(Bx)ds), t<u.
t

To show that (Z,,9,) is a martingale, it will suffice to show that for any v € [0, T),
and any ¥,-measurable Y, 0 < Y < 1, the function

$(e) = f YZ,dP, v<t<T,
is constant. Let v < t < u < T. Then

Hu)=5(1) = [ Y9, ®, ,4,dP — [ Y& A,dP

+f Y®,,4,dP — [ Y, 4,dP

where
L= [ Y®%,4,9,-1)dP= [ Y@O‘,A“(/“h(Bs)ds + W)dP
14
and

u 1 u 2
wi=le.-1- ["hB)a| < 3([ nB) ).,

because e* — 1 — x < 1x%* for x > 0, so

2
(W1 < 3(u =)k exp(l[ Rl - 1)).
Also, by (2.16), which clearly holds for bounded ¢-measurable Y,

L= [ ¥9,(4,~4)dP = [ Y&, [* 4,h(B,)dsdP.
t
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Thus, noting that ®, , < exp(¢|A||), we have
(2.21)

€)= §(0) =11, = 1]
< [0, [ (4, = a)H(B) dsap + 3 (u = oI exp(l ).
By (2.16) with Y = 1 we get
[ Al ap <lil(s = 1), r<s<T,

and using this in (2.21) we get
[€(u) = ()] < Se ™Al (w = ) + e (u — 1)

Thus ¢ is Holder continuous on [v, T') with exponent 2, and hence must be constant,
proving that (Z,) is a martingale with filtration (¥,) on [0,T). Since (Z,) has
right-continuous paths and (%,) is a Brownian motion filtration, by Theorem 2.VII1.4
of [3] the martingale (Z,) must have continuous paths a.s. Clearly (Z,) has paths of
bounded variation, so a.s. we have Z, = Z, for 0 < ¢ < T. This proves the theorem.

REMARK 2.2. It should be noted that if [A4({0})dP = 0, then A determines A
uniquely in Theorem 2.1.

The following corollary of Theorem 2.1 will be useful for applications.

COROLLARY 2.1. Let {p,}, {P,} and {A,} be as in Theorem 2.1, and suppose
Condition A (with T, = {p,}) is satisfied by {Q,} = { P, ® A, } with respect to h on

(0, 00). Under these conditions if u, - p and
(2.22) lim [liminf / A"([O,8])dP”] -0,
8§—-0 n
then 0, — Q = P ® A, and
A((I,OO])=CXP(f’h(BS)ds), t>0.
0

PROOF. Since ;L,,—W» p, we have P,,i P*. Thus {Q,} is a tight sequence on
C X [0, 0], so to prove the corollary it suffices to show that every weakly convergent
subsequence has the limit law defined above. Thus it is sufficient to assume that
P ®A, 5 P’ ® A’ and then show that P’ ® A4’ = P* ® A. We have already noted

that P, 5 P* so P’ = P* Now P, ®4, Spred implies that for each § > 0
[ #([0,8)) dp* < hmmf/A,,( 0.8))dP,,

therefore by (2.22) we have [ A’({0}) dP* = 0 and by Remark 2.1 then A’ = A4 as.
( P*). This proves the corollary.

The next theorem shows that weak convergence of stopped processes on the
sample space implies very strong convergence for distributions on the state space.

It should be noted that the measures », , and », defined in (2.23) and (2.24) are
exactly the measures v, ,, »;* defined in (1.7) and (1.8), if we take P, = P* for all n,
and let 4, be the stopping time measure associated with the hitting time 7, of §1.
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THEOREM 2.2. Let P, = P"» and let { A,} be a sequence of stopping time measures
w
such that P, ® A, — P ® A. Let v, , and v, be the Borel measures on R* such that for
any bounded Borel function H: R* > R

(2.23) fRde"""= fCH(B,)A,,((t,oo])dP,,,

and

(2.24) /Rdeu,= f H(B,)A((1, 0]) dP.
C

If0<1t,—>t,€[0,00), and

(2.25) [ 4({s})aP =0,

then v, , — v, in the total variation norm when t, > 0 and weakly when t, = 0.

PROOF. We first consider ¢, = 0. Let ¢ > 0. By (2.25) there exists A > 0 such that
JA([0, A]) dP < . Then by the weak convergence of P, ® A, to P ® A we have n,
such that for n > ny, [A,([0,A])dP, <e. Let u,  denote the distribution of B,
under P, and p the distribution of B, under P. Then we have |y, — p || < ¢ and
1%,s = #nll <& for all s€[0,A] and all n>ny so »,, — v, weakly since
P, = Vo Weakly.

Now assume ¢, > 0. Let € > 0 be fixed. By (2.25) and weak convergence there
exists A > 0 such that 3A < ¢, and for n > n,

(2.26) fA([z0 —3A, 1o+ A])dP < e, /A,,([to —3A, 1o+ A])dP, <.

Let f be defined on [0, c0) such that f= x, _3a, _2a)/A, and let H: R” - R be
Borel, |H| < 1. Then

[ Hav,, = [ H(B,) [” 1(5)4,((s. 0]) dsd,

| #8) [ 16 (52 0]) = (101 s,

o]
< A,((s,t,])dP,ds <
[ 16 [ A((s.0]) dpyds <e
for all n such that |z, — 7| < A and for which (2.26) holds. Similarly
'f Hay, - fH(B,O)foof(s)A((s,oo])dsdP
0

Thus it is enough to prove that
(2.27)

fH(B,")fow 1(5)4,((s. o)) dsdp, ~ [ H(B,) [ 1(s)A((s. 0]) dsaP,

<eE.
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as n — oo uniformly over all Borel H with |H| < 1. Furthermore, since { P,} is
tight, it is enough to show that the convergence is uniform over any collection S of
functions H which vanish outside a fixed bounded ball and |H| < 1. Taking
conditional expectation with respect to %, _, first, we get

fH(B,")/Oxf(s)A,,((s,oo])dsdP,,= J 6B ) [ 1(5)Ay((s.00]) dsa,

for all n such that ¢, > 1, — A, where G(x) = E*(H(B,)). For a given collection S
of the sort of H’s described above let S’ denote the corresponding collection of G’s.
S’ is compact in the sup-norm topology. Thus it is enough to prove convergence in
(2.27) for one function H. Now

J (B, s) [T 1) a,((s.0) dsap, = [ G(B, ) [ Fls),(d5)aP,

where F(s) = [* f(u)du. ForeachG,as n - «
/G(B,"_A)f F(s)A,(ds)dP, - f G(B,M)f F(s)A(ds)dP
= / G(B,O,A)/Ooo f(s)A((s, 0]) dsdP

- fH(B,[))/(;OC f(S)A((S, 0C>])d.§‘dP

This proves the theorem.
This theorem has the following

COROLLARY 2.2. Suppose P, = P* forn > 1 and P* ® A, —> P* ® A. If
(2.28) [A(i)ydarr=0,  0<i<oo,

then for any 0 < t, < oo we have

(2.29) lim sup ||

n.
noo<Isy

- =0.

PrOOF. Let 7, — t,. If 1, > 0, then Theorem 2.2 applied to the two sequences
{P*® A,} and {P*® A} shows that ||, —» || = 0 as n — oo, which proves
(2.29). If 1, = 0, then the proof of Theorem 2.2 shows that ||y, , — », || > 0 again,
so the corollary follows.

We can combine the two corollaries to prove the following

THEOREM 2.3. Suppose { A, } is a sequence of stopping time measures and { P* ® A,
x € RY, n > 1} satisfies Condition A with respect to h on [0, 00) (with T, = {8
x € R"} for all n), and for every bounded ball B, all ¢ > 0, n > 0,

(2.30) 1i£nm{Bm[x: P*(A4,({0})>¢)>n]}=0.
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Let
(2.31) A((t,oo])=exp(—f0’h(BS)ds), >0,

and let v}, v} be the measures on R? defined in (2.23) and (2.24) with P, = P = P*.
Then for any € > 0, 1, > 0, and bounded ball B, we have

lim m{x €B: sup |vr,— v > s} = 0.
n 0<1<1g

PRrOOF. Let the bounded ball B and ¢, > 0 be fixed. It suffices to check that every
subsequence { n’(j)} has a further subsequence { n(i)} such that for m-a.e. x in B

lim sup ||",f(i).r - ":XH =0.
o0sIsy

Let the subsequence {n’(j)} be given. For any x and § > 0, by Condition A we
have

[ A,(10,8)) aP* < [ 4,({0}) dP* + g(8) + 81l + [ #*(By) dP

= [ 4,({0}) dP~ + g(8) + 8]l l| + ¢*(x).

Conditions (2.11) and (2.30) imply that there exists a subsequence {n(i)} of {n’(j)}
such that

f A, ({0}) dP* + @00 (x) = 0 form — ae. x in B.
Therefore for m-a.e. x in B we have
limsup f A,,([0,8]) dP~ < g(8) + 8| A].

Thus for m-a.e. x in B the condition (2.22) for Corollary 2.1 is satisfied, so the
corollary implies that for m-a.e. x in B we have P* ® 4,,, 5% P*® A with 4 given

by (2.31). Since this A satisfies (2.28), by Corollary 2.2 we conclude that for m-a.e. x
in B we have lim,,;,sup, <, <, %21, — ¥l = 0, and the theorem is proved.

3. Proofs of theorems of §1.

PrOOF OF THEOREM 1.2. The proof consists of showing that if (1.3) and (1.4) hold,
then with A4, corresponding to 7, = inf{z > 0: B, € D, }, the conditions of Theorem
2.3 are satisfied. Our first step is to check Condition A in the context of Theorem
2.3. We need the following

LEMMA 3.1. Let K be a closed subset of RY, and let
m(w) = inf{r > 0: B(w) € K }.
Let A > 0 be fixed, and for A a Borel subset of R?, x € R, let
q,)x(A)—P {B EA; 1< A} 1I/X(A) P {BAEA T<AY.
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Then for any f € L'(R?) and x € R? we have

(1) [ (Potg(y) = Poty (1) (y)dm(y) = E*[* f(B)ds,

(3.2) Potg.(y) > Poty (y). »yeRY
(3.3) Potg,(y) — Poty(») < f(fp(s,x.wds, y € R
d/?

where p(s, x, y) = (2ms) 4/%exp{-|x — y|*/2s}; furthermore, for any x in RY equal-
ity holds in (3.3) quasi-everywhere (q.e.) on K.

PROOF. Let
(3.4) p(A)=P (B ed;r>A}.
Then
¢ (4) +p(4)=P(B s€4}. Y (A4)+p(4)=P{B, A4}

consequently, if f € LY(R?), we have

(3.5) [ Potlg, +p )1y dm(y) = [ 1(B)ds
and
(3.6) [ Pty + m ) dm(y) = E*[7 f(B,) ds.

The quantities on the right side in (3.5) and (3.6) are dominated by E*/5° | f|( B,) ds
< o0, therefore (3.1) follows by subtracting (3.6) from (3.5). Since for all nonnega-
tive f € LY(RY) the left side in (3.1) is nonnegative, we conclude that (3.2) hold a.e.
(m), and since

(3.7) Potu(y) = liminf Potp(z)

£

for any superharmonic potential we must have (3.2) holding everywhere. For f > 0,
(3.1) also gives

J (Potg, = Poty)(y)/(y) dm(y) < £ [* f(B,) ds

=ff0Ap(s,x,y)dsdm(Y)

s0 (3.3) holds a.e. (m) and then (3.7) again allows us to conclude inequality in (3.3)
everywhere. Since p, + ¢, is the swept measure of §, onto K,

(3.8) Pot(p, + ¢,) = Potd, q.e.on K.
By (3.6) and (3.7) we have for all y

oC
(39) Pot(e, + 4.)(») = [ pls.x. ) ds,

and (3.8) and (3.9) imply that for any x € R equality in (3.3) holds q.e. on K. This
proves the lemma.
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The next two lemmas will easily imply the conditions of Theorem 2.3, namely,
Condition A for { P*® A4,: x € R?, n > 1} and (2.30).

LemMA 3.2. Let 7,=inf{t > 0: B,€ D,}. If (1.3) holds, then there exists g:
[0, 00) — [0, 00) such that lim, ,(g,(t)/t) = 0, and for every A > 0, there exists a
sequence of Borel measurable functions {@%,} which satisfies (2.11), such that for
x € R

Pr{1, < A} < hy(x) +g1(8) + 91, (x),
where h, is defined in (2.13).
PROOF. Let B(x,¢) denote the ball with center x and radius &. Let {C;} be a

locally finite measurable partition of R such that there exists a countable set
{x;} € R with the property that C; C B(x,, ). For A > 0, let

gl(A)=P°{ sup |B/|> %}

O<r<A
Then g,(A)/A > 0as A - 0. Let B(i) = B(x;,1), D} = D, N B(i), 7/ = inf{z > 0:
B, € D}}. Let p) = pB®, N = x5\, denote the measures which satisfy (1.3) for
B = B(i), and in the same context let &, = ¢f"). For x € C; we define ¢ ,, ¥/ ,,
and p'_, as in Lemma 3.1 with K = D, N B(i).
If x € C, then x € B(x,, 1), and it follows that P*-a.s.
{r,<A;1i>A) C { sup |B, — B,| > %}

O<r<A

Thus we have for x € C,

(3.10) P{r,< A} < P*{7] < A} +g(4).
Now by (1.3) we have

P{r <A} = [ dg, < [ (Potp, — PotX + &) e,
;
<&+ / Pot ¢! , du’, — f Pot g, , dN

<e+ [ (Potgi, = Poty!,)dui, + [ Poty!,(dpi, - dX),
where we used (3.2) at the last step. By (3.3) we get for x € C;

Pr(m<ay<e+ [ [*p(s.xy)dsdi,(y)
+f Poty/ ,(dp!, — dX).
. A .
- t Al
e+ [ [ plsxy)dsax(y)
[ [ p(sxy) ds(a(y) ~ dX ()

+/ Poty/ ,(dp!, — dX).
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Therefore

(3.11) Plu<ah< [ [*p(sxy)dsan(y) + gi(x)
= ha(x) + 5, (x),

where for x € C,

wia(x) = e+ [ [ p(sxy)ds(di(y) — dX(y))

+/ Pot ', (dp', — dN).
We define
(3.12) @b, (x) = L {|ev5 ()| A1+ Alal) ) xc (x).

It is clear that (3.11) holds for x € C, if @} (x) is replaced by ¢? ,(x). This together
with (3.10) will prove the lemma if we show that ¢ ,(x) satisfies (2.11). For this it
suffices to show that for each i, as n —» o0

(3.13) [ @i (x) | dm(x) = 0.

To examine the convergence of [ Poty! ,(du', — d\'), we note that ¥, < v, ,,
where vy, , is the distribution of B, with respect to P* ie. dy \(y)=
P(A, x, y)dm(y). Therefore there exists a constant ¢(A), depending only on A,
such that Pot ! ,(y) < ¢(A) for all i, x, n, y. Furthermore, since |y Poty/ | is
also bounded, we see that {Pot ¢/, ,} is uniformly equicontinuous. Hence

[ Potd(») (dui(») = dN()) >0 asn— oo

boundedly in x. It follows that

lim f
n-—-»oc

Since &, = 0 as n = oo, to check (3.13) it only remains to show that

[ Pottle, () (di, () = ax() [ dm(x) = 0.

dm(x) =

(3.14) p(s.x,y)ds(dp,(y) — dX(y))

n—oc

To see this, for 0 < § < A we write [ = [0 + [4. The quantity corresponding to
/¢ is dominated by 8(||p"|| + ||N|)m(C,), and the integrand for dm(x) correspond-
ing to [ converges to zero boundedly. This proves (3.14) and the proof of the lemma
is complete.

LEMMA 3.3. Let 7, be as in Lemma 3.2. If (1.3), (1.4) hold, then there exists g,:
[0, 0) = [0, o0) such that lim, ,(g,(t)/t) = 0, and for every A > 0, there exists a
sequence of Borel measurable functions {@5,} which satisfies (2.11), such that for
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x € R?

P*{1, <A} > hy(x) — 82(8) — 93, (x),
where h, is defined in (2.13).

ProOF. With the same notation as in the proof of Lemma 3.2, by (1.4) we have
(v} = w20, €, = e2)

P*{1,<A) > P*{r <A} =g, (D))
> f (Potyi — PotX — &) dg. ,
> f Pot ¢!, , dv — f Potg. ,dXN — ¢,
= [ (Potgi, - Poty!,)dvi + [ Potyi,,d
—f Pot g, ,dN — &,

By (1.4) Pot »! is finite everywhere, so »} must vanish on a set of capacity zero. Then
by (3.3)

[ (otgi,, — Poty!,,) v = ff (1,%, y)dtdvi(y).

Therefore
PX{r, <A} > hy(x) - L(x) - II,(x) — IIL,(x) — &,
where
. A . .
Ii(x) = t,x, ) di(dN(y) — dv;
W)= [ [ p(tx, p) di(aX(y) = dvi()
IL,(x) = [ Potyi, (dX - dv}),
and
A A
I (x) = ( h(Bs)ds)dP"
j[’f;'sAl ff

<|hllaP*(r < A} <[lhlA(Ra(x) +g1(8) + 9} ,(x)),
by Lemma 3.2. Thus
; 2
I, (x) <[|h]°A% + [k [|Ag, (&) + [~ llAgE , (x).
We set

2
8:(8) =[lh]"a* +||n]|Ag,(A)
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and

(pg.n(x) ZXC

1)) A(U+IAIA)] +[IAl1Agt, (x).
As in the proof of Lemma 3.2 we have

f (JIL(x)| + 1 (x)|) dm(x) >0 asn - oo,

G

so the lemma is proved.
Getting back to the proof of Theorem 1.2, by Lemma 3.2 we have for any A > 0,
x € R?

(3.15) P*{1,=0} < hp(x) + g (&) + ¢f,(x) <[|h]A* + g,(4) + ¢F, (%),

which implies (2.30) at once, because P*{ 4,({0}) > ¢} = P*{r, = 0} in the present
context. Furthermore, Lemmas 3.2 and 3.3 give us

(316) IPX{Tn < A} - hA(x)l < gl(A) + gZ(A) + (p?n + q)g.n

and comparing this with (2.14) shows that Condition A is satisfied by {P* ® A4,
x € RY, n > 1}. This completes the proof of Theorem 1.2.

REMARK 3.1. We have shown that both Condition A for the family { P* ® 4,:
x € RY% n > 1) and (2.30) are implied by the single condition: there exists g:
[0, ) = [0, c0) such that lim, ,(g(¢)/t) = 0 and for each A > 0, there exists a
sequence of Borel measurable functions ¢2: RY — [0, o0) which satisfies (2.11), and
forall x e R4, A >0

(3.17) |PX{7, < A} = ha(x)| < g(8) + @7 (x).

Lemmas 3.2 and 3.3 show that this condition is satisfied whenever (1.3) and (1.4)
hold.

LeEMMA 3.4. If A(RY) < oo, then condition (1.5) implies (1.3) and (1.6) implies
(1.4).

PROOF. Assume (1.5). Let §, | 0. Let B be a bounded ball and let B; be the ball
with the same center as B and radius equal to r + Bj, where r is the radius of B. We
have on D,

Potp, = Potx gz, + Potxzm, > 1+ PotA — ¢, q.e.

Since p,, 5 A, and the distance between B/ and B is §, > 0, we have Pot x Bebn =

Pot x B A uniformly on B as n - co. Therefore there exists a sequence of positive
integers n; 1o such that for n; < n,on the set D, N B we have

Potxpp,>1+ PotA — Poth;-)\ —2¢,> 1+ PotxzA — 2¢,.

This proves (1. 3) if we set y,, = X,k forn,<n<n,, , and e =2, Forn <n,
we simply take uZ = A and ¢ = 1.
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Now assume (1.6). Proceeding as above, we get n; 1 co such that for n; < n, on
the set D, N B we have
Potxpv, <1+ PotA — Poth;»)\ + 2¢,
J

=1+ Potxgh + Potx, A+ 2¢,.

Since A has a bounded density, Pot x 5 sA = 0 uniformly on B, therefore if n ;<n
we have on D, N B

Potx v, < Potx ¥, <1+ Potx A + ¢,

where €, > 0 as n > o0. For n, <n <n,,, weset nf =y, el =¢, If n<n,
we simply set »2 = 0. This proves the lemma.

PrROOF OF THEOREM 1.3. By Lemma 3.4 the conditions (1.5) and (1.6) imply the
conditions (1.3), (1.4) of Theorem 1.2. Therefore if B is any bounded ball, then for
any ¢ > 0,

(3.18) lim m{x € B: sup ||py, — v*|| > e} =0.

n— 00 1<ty
Without any loss of generality we may assume that
(3.19) Potp,>1 q.e.on D,, n> n,,

because if necessary we can replace {u,} by the sequence {p),}{(1 — €/2)n,};
clearly p’, — A and Potp’, > 1 + Pot A on D,, provided ¢, < 1/4.

Let € > 0 be given, ¢ < 1. Since p,, 5 A, there exists a bounded ball B such that
p,(BS) <e’/2for n> 1. Let y, = x gt Let k(x)=|x|>"¢if |x| <1, k(x)=0
otherwise. Let ¢ = [ kdm. Clearly

Poty,(x) < [ k(x = )7, (dy) + €.

Thus, by Chebyshev’s inequality, if we let J;F = { x: Poty,(x) < ¢}, then

m(Rd_J"e) <m{Potyn> -;—} < 2/ Poty,,T < - =ce

Enlarging B if necessary, and letting K = {x € B“: Potp,(x) < 2¢} we have
(3.20) m(B¢— K£) < ce.

Let p; denote the distribution of B, with respect to P*. Since Potp,(B,) is a
continuous supermartingale and Pot (B, ) > 1 on {7, < o0} (or by the domination
principle) we see that

(3.21) P*[1,< o] < Potp,(x) forall x € R’
Therefore if x € K, we have

(3.22) lvr, = pill < 2e, n>1,t>0.
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We can also make a corresponding argument for »%. Let y = x zA, where A(B¢) <
e?/2. Let J®*= {x: Poty(x) <e). As before, m(RY — J¢) < ce. Enlarging B if
necessary, and letting K = {x € B“: Pot A(x) < 2¢}, we also have

(3.23) m(B— K*) < ce.

Because 7 is defined as the randomized stopping time with killing rate A(x) at x,
where 4 is the density of A, it is easy to see that for any x € R?

Pl < o] < E-\‘[f: h(B,)dt] — PotA(x).

Thus PY[1 < oo] < e for x € K¢, so for x € K* we have
(3.24) vy — i < 2e, n>1,1>0.

Combining (3.18), (3.22), (3.24) and taking into account (3.20) and (3.23) completes
the proof of the theorem.

The following two lemmas will be useful in proving Theorems 1.4 and 1.5 as
corollaries of Theorems 1.2 and 1.3 respectively.

LEMMA 3.5. Let {D,)} satisfy (1.9)(1). Let A,(n) denote the equilibrium measure of
D,(n) and let N\, =X X,(n). If for every bounded ball B, xB)\,,:; X g\ as
n — oo, then for everyy bounded ball B = B(x,r) there exist sequences 0 < ¢, = 0
and 0 < 8, — 0 such that, denoting B(n) = B(x,r + 34,), we have

(3.25) Potxg,A,>PotxzA+1—¢, g.e ontheset D, B, n> 1.

Furthermore, if \(RY) < oo and X, 5 A, then there exist €, — 0 such that (3.25)
holds with B = RY.

PrOOF. For 8 > 0 let ¥ be a continuous function on R such that 0 < ¢ < 1,
Y5 = 1 on B(0,8), y; = 0 outside B(0,26). Let

es(x) =IxI" Ws(x), @h(x) =1xl” (1 = ¥a(x)).

For a measure v we define

Potyr(x) = [ @y(x = y)dv(y),  Potpr(x) = [ @(x =) dv(»).

Let 7, > 0, n;, — 0. Since Pot x gA is continuous if B 1s a bounded ball, given j we
can choose 8( j),0 < 6(j) <j', such that

(3.26) Poty,,x sA > Potx g\ — n,/2.

Since x g\, 5 X g\, diam D,(n) — 0 uniformly in i, as n — oo, and the family of
functions { @y ,)(x--): x € R*} is uniformly equicontinuous, there exists n, such

that for all x and n > n,
’ ’ n, . .
(3.27) Poty,x s\, > Poty ) x A — 5 and max diam D;(n) <0(j).

2 1<i<k,
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By (3.26) and (3.27) we have for all x and n > n;
(3.28) Poty ;,x g\, > Pot x pA — 7,

A

max diam D,(n) < ().

l<isk,
If B is any ball, and D,(n) C B,and n > n;, then on the set D,(n) we have
(3.29) Potx 3\, > Poty ,x A, + PotA,(n).

If we write B(j) = B(x, r + 36(/)), then for n > n,, D, N B c U] D,(n) C B()),
where U] is the union over those i for which D;(n) C B(j). Therefore (3.29) implies
that for n > n; (since PotA,(n) = 1 on D;(n))

Pot x 3 A, = Poty ,,xpA, +1 on D, N B.
Combining this with (3.28) we get

Pot x )N, > Potx A + 1 -,

;, onD,NBforn>n,

We can clearly take n; 1 and define §, = 6( /), &, = n;, B(n) = B(}) forn;<n<
n;,y, j > 1. Then for n > n, we have

(3.30) Pot X (A, > PotxzA +1—¢, on D, N B.

Since Pot x g\ is bounded, for 1 < n < n; we can pick ¢, so (3.30) holds. This
proves (3.25). If A(RY) < co, then the above arguments work with B = R?, and the
lemma is proved.

We now define

(3.31) A2 = Y *\,(n), with the sum on those i for which D,(n) C B.

Since max; diam D,(n) — 0 and A has a bounded density, x g\, 5 X g\ implies
(3.32) A5 A,
This gives us the following corollary of the proof of Lemma 3.5.

CORQLLARY 3.1. Let {D,} satisfy (1.9) and suppose for each bounded ball B,
X g\, = X gA. Then there exist 0 < g, = 0 such that

PotA2 > Potx,A +1—¢, onDP=U"D,(n), n>1,

where * indicates union over those i for which D,(n) C B.

PrOOF. Following the proof of the lemma we get for n > n;

Poty A% > Pot x jA —

;»  max diam D;(n) < 6(;)
and if D,(n) C B,
Pot A} > Potjy A% + PotA,(n) on D,(n).

Therefore for n > n j

PotA2 > Potx A + 1 — 7,

B
! on D/,

taking e, = n; for n; < n < n;, etc,, finishes the proof of the corollary.
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LEMMA 3.6. Suppose { D,} satisfies (1.9). Then (1.10) and (1.11) imply (1.3) and
(1.4). If A(R?) < o0, then (1.12) implies (1.5).

PROOF. Since A has a bounded density and max, _, ., diam D,(n) > Oasn — oo,
it is easy to see that (1.10) implies that for every bounded ball B

(3.33) Xs\, = XgA asn — oo,

where A, is defined in Lemma 3.5. It is also clear that if A(R?) < oo, then (1.12)
implies (3.33) with B = R?. If we assume (1.10), then (3.25) holds by Lemma 3.5. It
is immediate that x 5 A, 5 X g\, s0 (1.3) holds with p% = xsA, If ARY) < o0 and
(1.12) is assumed, then again by Lemma 3.5 we have

PotA, > PotA+1—¢, ge.onD,NB

so (1.5) holds with p, = A,. It thus suffices to check that (1.10) and (1.11) imply
(1.4). Let ¢, @5, ¥5, ¢ be defined as in the proof of Lemma 3.5, and for a measure
v let

()5 = [ [@alx=y)dv(x)dv(y),  (nwdi= [ [oh(x =»)av(x)dr()
By assumption (1.9) we have

CPotp,(n)(x)= Coz,.(n)| >1, x € B(x,(n),p,),

. r
x = x,(n)]4?
so by the domination principle

PotA,(n) < CPoty,(n) onR%
This implies
(3.34) <)\,.(n),)\j(n)> < C2<,u,-(n),p.j(n)>.

Let B be a bounded ball and § > 0. An asterisk on L will indicate summation over
those i, j for which D;(n) and D;(n) are contained in B. Then

Z (wmmy(m) = T (i n)omy(m), + () ().

Assume n is large enough that 2p, < 8. Since for all n and i, (p,(n), p,(n))s =0,
we then have

(3.35) Y (pn)opy(n)) = L (pi(n)my(n)), + (uB. uB)s,

i#j i#j

where p2 = £* p,(n), sum on those i for which D,(n) C B. Since x gp,, 5 XA, A
has a bounded density, and max,diam D,(n) — 0 as n — oo, it is easily seen that

(3.36) pE S XA
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Consequently, (p2, p2)s = (XpA, XxpA)s. Also, lim,_ o (XA, xsA)s =
{(x g\, x gA). Applying these facts to (3.35) we conclude that (1.11) holds iff for
every ¢ > 0, there is a §(¢) such that for § < 8(¢)
(3.37) lim sup Z*<yi(n),pj(n)>8<e.
n i*)

Suppose (3.37) holds for € > 0 and 6 > 0. We wish to show that it also holds in an
essential manner if p;(n) and p;(n) are replaced by A n) and A (n), respectively. If
(Ai(n),A;j(n))s,3 # 0, then there are points in D,(n) within §/3 of D;(n), so
|x;(n) — x;(n)] <&/3 +2p, <8 if p, <8/3, and then (p,(n),p;(n)); =
{pi(n), p,(n)). Therefore

Z*<>‘i(”)’}‘j(")>5/3< 2* <>\1(”),)\j(n)>

i#j i*j
Jx;(n)=x;(n)|<8

< Z* Cz(l‘i(”),}"j(”»
i#j
|x,-(n)—xl-j(n)|<8

< C2 Y (pi(n), i (m)),,
i#j
where (3.34) is used at the second step. Thus (3.37) implies
(3.38) Jim, timsup 3. * (Ai(n). Ay (n)), = 0.
Let A2 = T* \,(n), sum on those i for which D,(n) C B. In view of (3.33), for the
same reason that applied to (3.36) we get
(3.39) A S x A
Therefore (A3, ABY; — (x g\, x s\ );. Also
(3.40) (AB,AB) = (AB,AZ) + (AB,NB)
= L5 (M(n) A (n)), + T (A(n). A (n)), + (AB, M)

i#j i

For n sufficiently large

(Ai(n), A (n)), = fD( )Potki(n)(X)dA.-(n)(x)=Ai(n)(R")-

i

Therefore, if we let n — oo, and then § — 0 in (3.40) and use (3.38) we get

(3.41) lim (A2.X7) = (xsh.xs5M) +A(B).
By (3.39), (3.41) and Corollary 3.1 we can pick ¢, — 0 such that
(3.42) (A5, A%) = (xahoxsh) = M(B)| <,
(3.43) (xshxsh) = (xsA N3] <l

(3.44) IA(B) — AE(B)| < €2,
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and

n

(3.45) PotA? > Potx,A + 1 —¢2 on DP = J"D,(n),

where * denotes union over those i for which D,(n) C B. Let

T, = {x:PotAf > Potx A +1+¢,}.

n

Then, noting that D supports A%, we have by (3.43)-(3.45),

n

(N2 AB)

ns

A\

f (PotxgA +1+¢,)dN8 + (Potxgh + 1 —¢2)dA8
r,npf

r.nDy?

(xsA AE) + NE(B) + ¢, \B(T,) — e2A8(T N DF)
> (xgh xsA) = & + M(B) — &7 + ¢, M5(L,) — &1\, (B).
Therefore by (3.42) we have
(3.46) e, \B(T,) < e2(3 + X\,(B)).
Let », = xrA%. Then
(3.47) Potv, < PotA® < Potxg\ +1+¢, onTY

but », has support in I, so (3.47) holds everywhere by the domination principle.
Since A% has support in D, N B, v, has support in D, N B. Also (3.46) and (3.39)
imply that », 5 x g\. This shows that (1.4) holds with »? = », and the lemma is
proved.

Theorems 1.4 and 1.5 now follow immediately from Theorems 1.2 and 1.3,
respectively, via Lemma 3.6.
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